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Abstract: Here, we construct a uniform asymptotic solution of the Cauchy problem of the small parameter for the
inhomogeneous differential equation with small parameter at the derivative, when the linear part of the equation is a pure

complex, with its real part changes from negative to positive when one going from the left half to the right half plane.
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1. Introduction

In this paper, we consider a linear, inhomogeneous,
ordinary differential equation (ODE) of the first order with a
small parameter in the derivative in which the equilibrium
position when changing the parameters of the system loses
its stability. Models with the change of stability occur in
various problems of mechanics, electrical engineering,
theory of combustion and explosion, biology and other
sciences. It was found that in some cases, by changing the
stability of the model can be observed phenomenon of
delayed loss of stability.

For the first time the phenomenon of delayed loss of
stability for singularly perturbed systems has been described
by MA Shishkova [1] student academic Pontryagin. Then,
many authors have investigated the nature of this
phenomenon. Most full effect of delayed loss of stability for
singularly perturbed systems has been described by A.IL
Neustadt [2]. And there are works S. Karimov, K.S. Alybaev
etc. Using the idea of Professor K. Alymkulov [3], we first
construct a uniform asymptotic expansion of the solution of
the generalized problem more than the previously cited
papers.

2. Materials and Methods

Consider the Cauchy problem for a singularly perturbed
equation

ex(1,£)=(t+)x(1,£) 1), (1)
x(—1, g)=x°, 2

where £>0 — small parameter, f{¢) — analytic function in D,
X’ —is given constant, tL1D={(¢,t,): t,—~(t,+1)<0, t;+(1,+1)=0,
—1<£,<0}, x(f) — unknown function.

This problem was first considered by a graduate student
[1] of academician L.S.Pontryagin and bounded ness are
proved of solution on the interval ¢[J[-1, 1]. Here it is
constructed a uniform asymptotic expansion of (1)-(2) in
DO[-1, 1]. We will use idea of K.Alymkulov of extract of
the singular part for construct asymptotic solution of the
singular equation with turning point [3].

The solution of the problem (1)-(2) is sought in the
following form

X(6,E=TU (TR () TH(T )+ (DTG (T ) .. H 1 (2)
T T(T)U .. 3

here t+i=Tp, e=%, u,()OC*(D), n=0,1,....
Initial date for Ty(T,W), (A—1,0,1,...) we well take next
view:
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TL((1H) =G (1)) 4)
To((=1+9)/ =03 ®)
Ton 1(—1+0)/ P W)=0, n0IN; (6)
Ton((=140)/ o) =—t42,(=1), nIN; O]

Inserting (3) in (1) we have:
T (T 1) + W (1) + e, (o) + g () + 02w () + . =

=T, (T, )+ (¢ + g (1) + pemg (r ) + e + e, (0) +
+pztﬂl(‘[,p)+...+f(t)—ick8k +i0kH2k )
k=0 k=0

Here we do not exchange this equation the right part of

Z CkHZk
equality subtracting and adding #=°
we will define below.

We have equation for u,(7), T(T,H):

. Coefficients ¢,

(o1, ®)

T, =TI, +¢, ©)

(i (=0, (10)
(oo (0)= e+ i)y, (1) ¢, =0, (a1
(1) = (¢ + iy, ), (12)
m,,_, =11, +c,,n0ON. (13)
(1) =, (1), (14)

m, (t) =1, (t). non (15)

From (8) and (11) correspond receive:

__JS)-c .
Llo(t)—_Ti(), letC():f(—l),

(t) — u’2(n—1) (t) tc,

uZn t+l > let cn = _u;(n—l)(_ l)’
then
uo(0)= —(fi+f(t+ia) i (t+ia)y+..Hf,(t+ia) ' +...),
1dWr(-i)
here f, :E—dtk ,

(0= —2fsH3fa(t+ia)HAfs(t+ia) +.. +(n=1)f,(t+ia) +...),
uy(0)= —(8fs+15f(t+ia) 241 (t+ia)+..+
+(n=1)(n=3)f;(t+ia)"+...),

ue(t)= —(48f,+105f3(1+ia)+192f5(t+ia) +..+

+(n-1)(n=3)(n=5)f;(t+ia)" '+...),

U= ) ot @nt D opo(ttia)t.. +

+k=1)(k=3)...(k=2n+ D)f,(t+ia) ™ '+..), k=2n+1.

Clzﬁ,' C2:3f;1,' C3:5*3f;5,'

From (10) and (12) have u,, {(¥)=0, n[JN.

Then u,(1)0C”(D), n=0,1,....

Solutions of problem (9)-(4), (14)-(5), (13)-(6), (15)-(7)
will represent in the view:

c=T*5*3fy c=n-1)!1fon.

pir2+2i © T s
LI s
T[_I(T):u(xo—uo(—l))e Motele, J-e 2ds;
1+
u

i

52

i
2

T -
T[Zn_l(T)=e c, .[e 2 ds , nON;

=1+

u
uAt2+2i
T[2n (T”u):_ub’t (_l)e 2u2 7”DN:
(T, ) =0.
We have
1 3 2k —1)
()= (1- k2o B )

T[Zn (T) =0 ,n=0,1,..., Tooo,

Lemma. For the integral

J(T,u):eTZ/z J-e_SZ/zdS,
(-1+i)/u
here T:(t+i)/|.l..
We have estimate
O\u), if tUD
|J(t’ux :{ ( ) 0

o(), if¢OD, " (1

here 1=t +ity, Di={(t1;t2):6,H(1y+1)20, 1,6+ 1), 6,=0},

Du:{(fl;fz)ilef(fzﬂ)zSO, —1=6=20, (11 +1) =1}

Proof. If we turn to variable ¢ then
@) (+i)/p 1 (i) (&)
J(t, ll) = fe_sz/zds =W je g
(=1+i)/p H -1

Let § =&, +i¢,, then
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1 (f1+i(f22+1))2 _(Elﬂ(izz”))z
J(tl,tz,u)zﬁe 2 J-e i

L

d(E, +i€,).

We consider following cases:

1) If (#1,t,)0D N (1,<0) then way of integrating L consist of
segments L; and L,, where L;: &+(&+1)=0, —1<&,<0; L,:
&i=t, —14,<E,<8,.

2) If (t,,t,)0DN (#,20) then way of integrating L consist of
segments L, L, and L; where L;: §+(&+1)=0, —1<¢,<0;

Ly: &—(&,+1)=0, 0<&,<ty; Ly: &1=ty, 1—1<E,0,.

In the first case

1 fzf 6 (f1+i(522+1))
It t.1) == Ko, J Vg + e M dE, |, (17)
K -1 -1-4
In the second case
| 0 fizf f f (t1+i(Ezz+1))2
J(rl,tz,u)=ﬁl<(rl,tz,s e dE1+I & e &, | (18)
-1 -1+

( +ile, +1))
2u° '
In (17) integrating by parts we have:
] ﬁ
w? 2
je d€,| < e,

-1

here K(tl,l‘2 ,8) = exp(

if =0 <#<0, &0 — sufficiently small, and by applying the
stationary phase method we obtain

o 18

je W d€,| < cl, c>0- const.

-1

Analogously in (18), we have

0 tEI i iz

I“ﬁﬁf

-1

dEl Scy.

o _(n+i(&+))P
2
If weset k, :K(tl,tz,e) J-e 21

-1+,

dEz , then

t, _(5=15)(p#1,#2) t, (=) #1+1)
2

2 2
Ik, | < J.e u dt, < J.e o dt, =
—1+1 —1+1
2 =(e,+1)?
2u? Y
S l—e
1+1, +1t,

Thus, we is proved (16).

Consequently, series (3) is asymptotic in domain D.
Series (3) is asymptotical series, that is

)= S (o )+

k=0
+UR (1),
R (t,u)‘ <Sm=const . Realy for R, (t,p)

we have next problem:
WR, (1) = (1 +)R, . (1)~ e, 7).

R(-1)=0.

where

From here

(t+z) ~(w+i)

nﬂtp —j te € dr.

From lemma 1 follow next estimate

_[ou), if 1D D,,
R e:1) = {0(1), if (0D, .

Theorem. Problem (1)-(2) has a unique solution and
satisfies the asymptotic expansion (3).

The expansion (3) can be obtained in another way, i.e.
without going into the complex plane.

We write the solution of the problem (1)-(2) in the integral

form:
(P

1 (i )
Are)=x'e 2= +E

fe = sl

-1

o ®) £(—;
0= (Y g, =L D)

k' di*

Let , then
(eif (o +i)? o
x(t,s) =xle 2 + kalk (t 8)
k=0

t
1,.(r,€)= I(T+i)ke gt
where -1
t (e+if (1)
Io(t,s): je ®dt
If -1
parameter €, we obtain:

e 4
this implies

differentiate the smal

>
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. \2 2 )2
a[ t,E ] t (t+m) —(T+1a)
14(l,€):282%+(t+l)212(t,8) Io(t,s,a)=je ®dt
5 -1
and divide the integral into two integrals
) 614 (f, 8) \2
1,(t,€) = 26> =2 4 (¢ +) 1, (1, €) ¢ (riaP~(cria)
0g ; Io(t,s,a)=je o dr=
-1
ol _nlt,€
I, (t, g) =2¢? M + (t + l')2 12(”_1)(t, g) ~t (t+ia P~(t+ia )? =t (r+ia P -(t+ia )
de . nON. :je 2 qr+ Ie 22 dt.
For the odd indices: -1 -1
The first integral is estimated by integration by parts:
, 01, (t, e) Ry
L(t,e) = 26> = 4 (¢ +i) 1, (1, €) o (vHiaf i) (viaf ¢ (v+ia?
68 ; je 2¢ all-:e 2e J.e 2¢ dl-:
( ) -1 -1
ol.lt,€ .
I(t,€) = 26> =22 4 (1 44 1,1, €) (i = g _lovia) (r+ia +2ia”
68 ; =e 2¢ de 28 = 8( e 2¢e _
S T+ia ai—1
ol,, ,\t.€
L. (t, g) =2¢’ M + (t + i)2 L, (t, s) 1 i2at = o _(t+ia)
o< ; — et — I - de 2 )
(ia—t) —1(T+ia)
nON,
Therefore
where -t (t+iaP~(1+ia
t (15 (e fe = dt=0(e) -t<0
L(te)=[(e+ie > dr= %
B We now estimate the second integral:
(e P14} Ja (t+ia)22—€(T+ia)2 e (t+2i:)2 j _(T+2i:)2 e
—ge 2= -1|=0(). € -¢ € -
=t =t
(t+ia) a* ¢ _ﬁ_+,£
From Lemma for /(¢,€) we obtain: —e 2 p2k|p 2 e dt =
(o< 01 ) om0, :
o \LH)| =
’ O(,u), upu D, (t+ia) o> ¢ T at at
=e % e’ |e | cos| — [—isin|— | T =
Therefore ° € €
(L) | o
x’e = +—kacks(k+l), if tOD,, (e+ia) o
_ € =e % eZEY(t,E,a);
x(t, 8) = ) R
o (’+i)‘_(lu+i) 1& (k 1)/2 ‘ ©
S e - at
re SkackE i IDD“' where Y(t, S,a) =|e 2 COS(—)JT.
k=0 €
=t

it is asymptotically equivalent to the asymptotic series (3).
£ (e+if~(r+i)

function Y (¢,€,a) is differentiable in the parameter a:
The integral [, (t, 8) = Ie 28 dT can be estimated (t8.) P

2

5 oY(re,a) _ f1 e . [at
. . . —_— = —I—e sinf — @At =
without having to go into the complex plane as follows. da € €
Introduce a new parameter a. -
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.[2 2
T . at
= e 2gin| —
€
2

togr = at
——Iezacos— T.
~t €_t €

t

e 2 sin(ar) ~0

As ( ) , €0, we have:

oYl(t,e,a) _ a _a

"o e A=y (e )=
t T

If a=0 then we have Y (t, 8,0) = Ie—zd'[ =

-t

t/\2e o
:\/2_8 je_zzdz ~ \/2_€je_22dz =/ 2€TT.
-1/2¢ i

On the other hand Y (t, 8,0) =c.

aZ

c=~2em _,Y(.e.0) =«/2sne_?

(t+[ll)2 & a4

Io(t,s,a):ds)+e % o2\[eTp % =

Therefore

(t+ia)?

_O(g)++2eme 2

Therefore

-1

11,(2,€) = O] Vee =

Remark. The considered problem may be generalized to
the system of differential equations.

ex'(1,€) = A(t)x(t,€)+ f(1). x1.e="

Where A(f) — matrix-function of the second order have
M()=t+i, Ay (¢)=t—i, eigen values, for example

A(t):(i ‘tl)
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