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Abstract: Our previous paper conducted to prove a variation of the converse of Fabry Gap theorem concerning the location of
singularities of Taylor-Dirichlet series, on the boundary of convergence. In the present paper, we prove conversely convergence
theorem of Fabry Gap. This is another proof of Fabry Gap theorem. This prove may be of interest in itself.
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1. Introduction

The Fabry Gap theorem ([11]) states that if, A ={A } _ is

a real positive sequence such that A,,, —A, 2c¢ for ¢ >0

n
and /]—HD 20 as nt> o, then the Dirichlet series

— -2 . o
f(z)= che " has at least one singularity in every
n=l1

interval of length exceeding 277D on the abscissa of
convergence.

We assume that the reader is familiar with the theory of
Entire Functions and the theory of Dirichlet series, as used in
the books [2,6,9—12].

We note that other results concerning the location of
singularities of Taylor—Dirichlet series have been derived by
Blambert, Parvatham, and Berland (see [3-5]).

2. Auxiliary Results and Notions

In this section, we describe the definitions and also to
express and prove the lemma, we need to prove the theorem.
Definition 2.1. We denote by L(c,D) the class of all

sequences A ={a,} _ with distinct complex terms a,
diverging to infinity, |a, |<|a,,,| satisfying the following

conditions: (see also [1])
(1) There is a

la, —a, |2c|n—m| forall nZm.

constant c>0 so that

() limn/|a,|=D =0.

(3) the sup|arga, |<71/2.
Definition 2.2. Let the sequence 4 UL (c,D) and a.p
real positive numbers so that @ + S <1.

We say that a sequence B =1{b } _ with real positive
terms bn , not necessarily in an increasing order, belongs to

the class 4, if forall n N we have
b,0{z0C:|z-a,|Sa’},
and for all m #n one of the following holds:

(l) bm = bn
B

(ii) | b, =b, |2 max{e™ & }.

One observes that (i) allows for the sequence B to have
coinciding terms. Also note that (ii) allows for

non-coinciding terms to come very close to each other. We
may now rewrite B in the form of a multiplicity sequence

N={A,u}"_ , by grouping together all those terms that
have the same modulus, and ordering them so that
A, <A, .We shall call this form of B the (A, 4) reordering
(see also [1]). given the sequences A UL(c,D) and
B UA, 5 (see also [14]):

00 _L153
S, :UB[ian,eT], (1)

n=1
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o *a,’:'?
SZ=UB(¢1;”,€3 J @)

where as usual

B(z,,r)={z:|z—z,|<r}

Observe that the disks in S, is not necessarily disjoint,
since for fixed 7 we might have b, =b, for m#n.

We state now lemmas that were proved in [1] regarding
multiplicity sequences. They shall be used later on.

Lemma 2.3. Let AUL(c,D) be a real positive sequence
and let BOA, ; sothat B=1{b,} is real positive too, with
(A, ) its reordering. Then the regions of convergence of the

three series f, f,f  as defined in

f@=3"_p, (@™, 3)

n -1 j . . .
where p, (2) = Z;;:O ¢, z’ isapolynomial with ¢, #0,

and

ff@=3" 4",  ff@=3" 4" @)

are the same. For any point z inside the open convex region,
the three series converge absolutely. Similarly, if instead of a

real sequence A0 L(c,D) we have a complex sequence
AOL(c,0) .

Lemma 2.4. There exist positive constants ¥ and X so
that for any n one has

mn)<yla,|'s x|b, "
Lemma 2.5. For any 5 one has
/In SX|/])1 |a

Lemma 2.6. Let {L, } _ be anyone of the following

sequences: {A,} , {A,/3}, {Asiny} or {A77}
where 7 >0 sothat @+ [+7<1.Then

PRV 141

Z Z l)'(_] (b + iB)jil < An | b + lB |'u”_1 N

Theorem 2.7. (Phragmen-Lindelof.) Let f (z ) be analytic
in the region between two straight lines making an angle
JT/ O at the origin and on the lines themselves. Suppose that

f@)sM (%)

on the lines and thatas 7 —

f(z)=0(")
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where B8<a , uniformly in the angle. Then (5) holds
throughout the region.
Theorem 2.8. Let A4

satisfying 4 OL(c,D) and arga, — 0 as n — . Let

— ©
={a,}, -, be a complex sequence

B UA, pand let (A,4) be its reordering. Then the entire
function

© 2 \Hn
G(z)=|f|(1—j—z] : (6)

satisfies the following for every ¢ >0 as 7 — !

|G(re“9) |= O(exp{7r(D | sin@| +e)}), (7

and whenever re'’ [1S 5

m = O(exp{rr(=D | sin8| +¢)}), ®)

Furthermore for every ¢ >0 as 7 — % one has:

K
2 O(expie| A, I}), ()]

Valiron [13] (p. 29) proved that if B ={A ,4 } _ is a

multiplicity-sequence that satisfies the relations

hmln_n =0, lim H =

n-— o /‘ n— oo
n n

Loy, (10)

the regions of convergence of the Taylor-Dirichlet series
[ =2 p, ()™
n=1

and its two associate series

ff@=> 4™,  fT@)=) 4" (1)
n=l1 n=l

|1/ =0,1,2,...,

For any point Z inside the open convex region, the three
series converge absolutely.

wher 4, =max{|c, U, =1}, are the same.

3. Main Results

Theorem 3.1. Let 4 OL(c,D) be areal positive sequence
for D >0. Let BUA, gso that B =1{b,} is real positive
too and let (A, 1) be its reordering. Then any Taylor-Dirichlet
series f (z) asin (3), satisfying

e, |

Hn

limsup = limsup n4, , (12)

— 00 — 00 /‘
n " n -

has at most one singularity in every interval of length
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exceeding 277D on the abscissa of convergence.

Proof. We follow on the lines of the proof of Theorem
XXIX in [11].

Let f(z), /'), f7(z) and 4,

and

as defined in (3), (11)

A, :max{|cnl |:/j=0,1,2,..,u, —1}. (13)

From Lemma 2.3, the regions of convergence of the three
series are the same. Since the A, are real positive numbers,
we consider the non-trivial case, that is when the three series
converge in identical half-planes of the form
Uz >x,, x,0R.

With no loss of generality we assume that the abscissa of
convergence (ordinary and absolute) is the line x=0. In
other words the relation

In A
L= 14
F (14)

n

lim sup

n-oo

holds. Thus, all three series converge absolutely and
uniformly in any half-plane x =7 >0. One also notes that
from (12) we have

Lnlc, |
— =), 15
Fi (15)

n

limsup

n-o

Suppose now that there exists an interval of length greater
than 277D on the line x =0 on which f(z) has two

singularity X ,,X,.

Then with no loss of generality we can also assume that this
interval is =B <y <B where B >7D . This implies the
existence of some a;,a, >0 such that $ f(z) $ is analytic for

X, 2-a, x,2-a,, |y,|<B, |y,|<B . Weput

a
=arctan——, 16
% 4mD (16)
y, = arctan & (17)

? 471D

sothat 0<),,), <77/2 and let

B-mD)t

p=EZTDY (18)
2

B-rmD)t

p, = BZTD) Y, (19)

2

The rest of the proof is broken into three steps. (to prove
that X, ,X, can be obtained similarly.)
All three steps make use of the convergence of

DA, b B e

n=l1

(20)

dueto f (b, +iB).
Step 1:
Since f (z)is regular in the semi-strip (x, 2-a,, |y, |<B),
then for all w OC sothat Ow <0, we define
H(R,w) = j

F(2)edz + j f(2)e"dz

R+iB Wz R .
+Ib,+ib’ f(2)e dZ+JR+iBf(Z)e dz @n
where R >b, and the paths of the integrals are the segments
joining the various points. Then we prove that H(R.w)
converges as R — oo, and if we denote this limit by H (w ),
one has

~a, +iB - by +iB e
H(w) = j f(2)edz +I_al+,-3 f(z)edz

© . 4,1 J(—1PYh 4By 4
+Ze(bl +iB)(w=A,) Z Cn Z ( 1) (bl fﬁ) j . . (22)
=l =0 = (w=A2,) (j=D!

But now H (w)is well defined for all w OC \ {A,}.In
fact it is analytic in C \\{4,}.

Next, we define JWw)=HW)GW) where GW ) is the
entire even function defined in Theorem 2.8 Then J (W )is an
entire function in the complex plane.

Proof step 1:

Observe that the first two integrals in (21) are independent
of R ,thus we deal with the other two. We will prove that (22)
holdsas R — oo,

The absolute convergence of f(z) in the interval
[b, +iB ,R +iB ], justifies integrating it term by term to get the
following:

R+iB

f(z)e"dz =

b +iB

_z (R+iB)(w— /\)Z Z( 1)M(R+IB)” J!

(=27 G-D)!
+i w= _1 L _1)l+1 (b +lB)171 ]!
PY MZ D T Ny

Denote by (R, w) the infinite series which depends on R.
We will show that I(R,w) - 0as R — oo,

Since Ow <0 then|w —A, |> A, . It follows from Lemma
2.6 that

P

<A |R+iB
e

*’fc L(-D)"'(R +z'B)f'"
n; (W_An)l-%-l

j=0 " 1=0

Hence
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[ I(R,w)|< ZAn |R+iB || S RHBXW=A,)

n=1

e ™Y 4,Q2QRY e
n=1
U, /A, -0 one has

On the other hand, since
(QR)*™ <e™®* and therefore

| I(R,W) |< e—BDwri2Ane—((3R/4)/\,,) < e*E:we-(RM)/h iAne—Ru,,/z)_ (23)
n=1

n=l

From relation (14) one gets that lirﬂllf;lp(lnAn )/(A,72)=0

and this implies that the  Dirichlet  series

f7(z)=) 4, converges absolutely for any z if

n=1

(z >0. Thus, the series

f*** (R) = ZAne_M"/Z)R

n=1

is defined for all R >0 and is a positive decreasing function.
Therefore there exists some M >0 so that forall R >1 one

has £ (R)<M . Combining this with (23) shows that
I(Rw)->0 as R - oo,

Similarly one deduces that

. R wz —
lim jm f(z)e™dz=0. (24)

Therefore for all W with Ow <0 one has that the
lim H(R.w) exists. If we denote this by H (W) then
H W) takes the form as in (22).

Next we prove that H (W) is well defined for all
w OC N\ {A,}. In fact, we prove that H (w) is analytic in
C\A )

Note that the two integrals in (22) define analytic functions

of W in the whole complex plane. Thus, it remains to be
proved that the infinite series converges uniformly on any

compact subset K [(0C suchthat K n{A } . =0.
Consider such a compact K. Then there exists an 7, N
so that for all w OK one has [w —A |2A, /2 for all

Jon=6on[ """ f@redz+Gon|""" f(1endz +00w)

where Q (W ) is the entire function defined as

Conversely Convergence Theorem of Fabry Gap

nzn,. Let ¢ =max{|e”™” |:w OK}. For all w OK
define

w _ W1 (=Y (B +iB) 9
I (w)= Ze(blﬂB)(w—Aﬂ)zcn z( D7 (H f) .]~ )
0 n=n, Jj=0 ! 1=0 (W_/‘n) (j _l)'
Then for all w 0K , it follows from Lemma 2.6 and (20)
that

N B 1] (B
11, W) [Sq D A, [b +iB "7 e™ T L0, ny - o,
n=ng
This implies uniform convergence on K .
Step 2:
We prove that for some & >0 the relation

7 (e*")1=0 (e797) holds, thus |e®.J(w)|=0(1) for
argw =),

Proof step 2:

Let ), be asin (16). Then

B
i

H(pe")=[ " r@pe"de+ [ f)e” d:

0 H, H,—1 1+1 -\l .
(B +iBY P -1,) N — (=1)7 (b +iB) J!
e R B AT G

n=l1 Jj=1 1=0

Denote the infinite series by 7(0e”') and note that
| pe” = A, |2 A, siny,. Then from
Lemma 2.6 and (20), it follows that

| T(pe")|= 0Py, (25)

Since f (z) is bounded on the segments [—a,,—a, +iB]

and [—a, +iB,b, +iB], by standard calculations one gets

—a, +iB b +iB
-a —a, +iB

Then by choosing the path of integration as the reflection in
the real axis of that used in (21), we get that (25) and (26) hold

for pe™ as well. Thus

(26)

- 0 (e_"pCOSVI + ebpmsy1 -Bpsin )

e : L L (=DM, +iB) T !
G(W)Ze(b,ﬂs)(w—n,,) ch Z( ) (b fﬂ) J
n=l1 ' (W_An)

j=0 1=0

Note that Q(w ) is also written as

H(peiz‘yl) - O(e—a,pcosyl _’_eblpcosy,—B;osiny1 ) (27)

From the definition of J (W ) above, one deduces that
(28)
(29)

(-DY



Science Journal of Applied Mathematics and Statistics 2015; 3(4): 177-183 181

Z (b +iB)Y(w-4, )Z Z( D“*" (b +iB)' j! ‘(A
= (=D

where

€2))

_ Ay w )"
G,(w)= FE l_l 1—? .
n #n k

One observes that combining (7) and (27), gives for every
€>0

| J(peiiy, ) |: O(e—alpcosy, DN +ep | bipcos +(IID—B)psiny1+5p).

From (18) one also deduces that B —71D =
since ¢ is arbitrarily small this yields

2bcot ¥, and

|J(pet[y| ) |: O(e—(a]/Z)pcosy] +7pDsin +e—(b]/2)pcosy] )

Relation (16) implies that 77D sin ), =1/4a, cos ), , thus
for 6, =1/4min(a,,b,) we have

[ J(pe ) |=0(e57n).
Therefore

|2 J(w)|=0(l), argw=zx),. (32)

Step 3:
We show that e® J(w) is a function of exponential type
bounded in the angle |argw |< ). In particular, for real W

0,(w) =G(w) z o HBIw A)Z z( 1

A, 04(w) =

Similarly one defines O, W ).
Consider now @, ). We remark that in this case the
condition w 1S, plays no role. Note that from Lemma 2.6,

we deduce forany A, 04w ) that

“f . (—1)’”(bl+iB)"’ J! .
an

— <A |b+iBIM".
=0 1=0 (W_/‘n) l)'|
Thus

u, -1

z oD HBIvA,) N
A, 0B(w) Jj=0

where G, (W)

pseudo-multiplicity of bl/_ . Since w US,, then one gets

|G(W)| [G(w) |

J
o, YL

is defined in (31). Note that for any A,

|G, (W) [=

A, =wl b, —w["D

-w)* "G, (w), (30)

this implies that Jw)=0(e™®), thus J(A,)=0( ).

=0 (e ~(3/2)4, )

which contradicts relation (15). So, two points can be obtained
in two different, but the relationship is bound (15) both should
be equal to zero, then there is either a single point, and this
completes the proof of the theorem.

Proof step 3:

We will show that (32) holds in the angle |UOw [<);. In

order to do this, first we prove that J (W) is an entire function
of exponential type. From (28) observe that it suffices to work
with the function QW ).

Consider some 7>0 so that a+[B+17<1. For every

w OC so that w 00S, where S, is the system defined in

This eventually yields the relation |cm” i}

(2), we partition the sequence {4,} into two sets as follows:
Aw) ={A,Jw=A, > A"}
and
Bw)={A,|w=A,[SAT"}.
Then we write

O(w) =0, (W) + 0y (W)

where O, (W) is defined as

)Hl(b +iB)’ - J!
=0 (w= /]n)lﬂ (j_l)!'

(33)

[0, W SIGW) ([ | 3 4, |b +iB [ |,

A,04(w)

and observe that the series is bounded above by the one in (20).
This implies that |Q,(w)|=O0(™) for some & >0.
Next, we consider O, (w ). We can also write it as

, +iB)' j! -
BY L, =y |G (0, (34)
1)1+1( l)' n n
there is a b, so that A, =b, , thus 4, =m(j) the
i, 12\
S|G(w)|(3e i ) . (3%)
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Fix some >0.Then from Lemma 2.4 we get
o) Ylay, o
Ja, )" la P\ gl
(3eJ ) <|3e” =3¢ ' <e 7,

with the last inequality valid since @+ <1. One also | P
observes that |4, [S2]b, |=24, <4|w | since 4, 0B(w).

|G, (w)[s A%e"™. (36)

Next, observe that for any A, B W ), we have

<A
n

Thus for all A, 0B )one has |G, w)|<|Gw)|e*™!. This Combining this with (36) shows that [Q, (v )| is bounded
implies that there are constants 4'>0 and 4">0, so that  above by

forany w OC \\S, andall A, 0B (W) one has

4,1 j
A" (B +iB)(w-1,) Hr R | b +lB|
A'e |wl z |€ y +iB)(w |(/];7+[7) z z

2,0B(w) 7=0 =0 (j— 1)'(/]‘”'7 )/ !

Then from Lemma 2.6 we get that

|0, (W) 4'e™™

i Ho . -1 | =2, (b +iB)
(b|+rB)w| Z (/1,;1#7) A |b +iB |/’ln |e L (o | (37)

2,0B(w)

Note also that from Lemma 2.5 one gets
() < (Je ) = e < o g o
and combining this with (37) gives

(b] +iB)w

[0 (w)[< 4'e™™

2€lw| . -1 =A, (b +iB
VN A b +iB T O],

A, 0B(w)

with the series bounded above by the one in (20). This implies that | Q,(w) |= O(e”™) for some ¢ >0, provided w5, .
Since QW )=0,Ww )+0Q, W )it follows that |O(w )|=0(e""") for some V>0, provided w 1S, . But according to

—\a \’3 ’\azn \ﬁ
J ) R—

m0r

S, is the union of non-overlapping disks whose radius

. A 2 (D! (2!
tends to zero. Since O (W) is an entire function, its maximum J(A,) = f 1-== . 41
value over any such closed disk is obtained on the boundary. A #m A
All these i = vl w.
ese imply tha't |Ow )| O(e ' ) for all ' It then Then from
follows that J(w) is an entire function of exponential type.
Combining this result with relation (32) and a GHUI(1) (=2 22 V4
Phragmen-Lindelof theorem 2.7, it yields 1= ) l_l 1-—=1 . (42)
/'1,1 ! /1“ #n /]kz
e J(w)|=0(l), |argw|< ), (39)
we can write
In particular, for real W this implies that J(w )=0( "),
! 1
thus . 43
7 ){G[” ', )H(—l)"”‘ (4, —1)!} @

J(A,)=0(™). (40)
If we now apply (9) and (40) - (43), it yields for every ¢ >
Note also that from (28) and (29), one deduces that

le, |= O(e(_q A, ) (44)

Hn1
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Since 1is arbitrary we get that

e, , 1=0(e™™). (45)

M-t
— -0,/2)A
(ley, , 150(e™*™%).)

But this contradicts with relation (15), and this completes
the proof of our theorem.

4. Conclusion

In this study we examine a variation of the converse of
Fabry Gap theorem.

Polya's result shows that in some sense Fabry's result is the
best possible. Perhaps the elementary and direct proof that
mentioned above might be of some interest.

To do this, a sequence with a series of new build and
reordering the call, using the convergence of three series

f.f " va ™ obtain upper and lower bounds. And using the

Phragmen-Lindelof theorem and we will achieve the desired
result in this paper.
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